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915. 
ON THE PARTITIONS OF A POLYGON. 


[From the Proceedings of the London Mathematical Society, vol. xxt1. (1891), 
pp. 237—262. Read March 12, 1891.] 


1. THE partitions are made by non-intersecting diagonals; the problems which 
have been successively considered are (1) to find the number of partitions of an 
r-gon into triangles, (2) to find the number of partitions of an r-gon into k parts, 
and (3) to find the number of partitions of an r-gon into p-gons, r of the form 


n(p—2) +2. 


. Problem (1) is a particular case of (2); and it is also a particular case of (3); 
but the problems (2) and (3) are outside each other; for problem (3) a very elegant 
solution, which will be here reproduced, is given in the paper, H. M. Taylor and 
R. ©. Rowe, “Note on a Geometrical Theorem,” Proc. Lond. Math. Koc., t. x10. (1882), 
pp. 102—106, and this same paper gives the history of the solution of (1). 


The solution of (2) is given in the memoir, Kirkman “On the k-partitions of 
the r-gon and r-ace,” Phil. Trans., t. CXLVI. (for 1857), p. 225; viz. he there gives 
for the number of partitions of the r-gon into & parts (or, what is the same thing, 
by means of k— 1 non-intersecting diagonals) the expression 

[r + k — 2 [r — 3] | 


but there is no complete demonstration of this result. 


If k=r— 2, we have the solution of the problem (1); viz. the number of partitions 
of the r-gon into triangles is 
= [2r -4 + [r - 2}. 


The present paper relates chiefly to the foregoing problem (2), the determination 


www.rcin.org.pl 


94 ON THE PARTITIONS OF A POLYGON. [915 


of the number of partitions of the r-gon into k parts, or, what is the same thing, 
by means of k—1 non-intersecting diagonals. 


2. Assuming for the moment the foregoing result, then for k=1, the number 
of partitions is 


for k= 2 it is 


for k= 3 it is 
r+l.r.r—3.r—4 


SS Se T a ee 


12 


and so on. As a simple verification, k=2, the number of partitions is equal to the 
number of diagonals, viz. this is number of pairs of summits less number of sides, 


that is, 
4r(r—1)-r, =4r(r—8). 


For convenience, I give the first Table on the next page, which is a tabulation 
of the functions 


UO, =a + a+ + af +...42°", 


US 204 + 5a + 9af +. t 


r+l.r.r=3.r—4 


U= 5a + 2laë +... + zsa i 


vA 


r+2.r+l1l.r.r—8.r—4.r—5 


be 6 
Us a ae at 4.3.2.3.2.1 


wo, 


rd r+3.r+2.r+1.r.r—3.r—4.r—5.7—-6 
si aa 5.4.3.2.4.3.2.1 nf 


3. And in connexion herewith, I give the second Table on the next page, which 
is a tabulation of the functions 


V, =a + 2a? + 3084+ do? +... FLT arts, 
r+1.r—3.r—4 


= 7 8 b3 i 
Ka 4a? + 1498 + 32L +... +2 3.271 


arts, 
r+2.r+1.r—-3.7>4.7-5 h 


ae 14a + 7209 +...48 4.3.3.2.1 


d; A E rA 5.4.3.4.3.2.1 


2 
grt ; 
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7644 | 34398 91728 | 148512 143208 75582 16796 
13650 | 76440 | 259896 | 556920 755820 629850 293930 58786 
23100 | 157080 | 659736 | 1790712 | 3197700 | 3730650 | 2735810 1144066 | 208012 
37400 | 302940 | 1534896 | 5116320 | 11511720 | 17587350 | 17978180 | 11767536 | 4457400 | 742900 


E 

1 

F 

1 9 21 14 

1 84 42 

1 300 330 132 

1 825 1485 1287 429 

1 1925 5005 7007 5005 1430 
1 4004 | 14014 28028 32032 19448 4862 
1 

1 

1 

1 


r=| k=2| 8 4 5 6 F 8 9 10 11 12 13 
re was | 

&| 2 4 

Get. T4 14 

ee ee a y. 72 48 

Si 5r GO: -298 330 165 

Dl 6 |100] 550] 1320 1430 572 

10 7 | 154| 1155 4004 7007 6006 | _ 2002 

11| 8 | 224] 2184| 10192| 25480| 34944 24052 7072 

12| 9 | 812 | 8822| 22932 | 76440 | 148512 | 167076 | 100776 25194 

13 | 10 |420| 6300} 47040 | 199920 | 514080, 9813960 | 775200, 396800 90440 

14 | 11 | 550! 9900| 89760 | 476240 | 1534996 | 3197700 | 4263600 | 3517470 | 1634380 | 326876 

15 | 12 | 704 | 14960 | 161568 | 1023264 | 4093056 | 10744272 | 18759840 | 18573816 | 15690048 | 6547520 | 1188640 


4. These functions, U and V, are particular values satisfying the equation 
(Va + Vey + Vay? +...) = (U, + Uny + Urey? + Uayt +... Y; 
that this is so will appear from the following general investigation. 


5. Taking æ, y as independent variables, denoting by X an arbitrary function 
of æ, and using accents to denote differentiations in regard to æ, we require the 


following identity : 


: CE EE LE EH =| Y (xy, ¥ n p 
Te ee ti ag A ee a A e 
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which I prove as follows. Writing U to denote the same function of u which X is 
of æ, I start from the equation 
u=ae2+y0, 


which determines u as a function of the independent variables æ, y. We have 


vii yU’) =1, 


du Aup du 
ot tah ri da 


where the accent denotes differentiation in regard to w; hence 


du _ ,,du_u—«x du 

dy daw y da’ 
or say 

du du 
Writing 

w= |udza, 
and therefore 
this equation may be written 
au, _ dt, _ u Lgl i. du, 
Y dady dæ “ da dæ’ 


or, integrating with respect to æ, we have 


du, 
ee ia = 4y? — 
Bey 
or say 
2duy_ 2(m— $a") _(u—2y 
y dy y? a2 
that is, 
oo (a— te) Oe 
dy\ y y 
6. But, from the equation 
u=a+y0, 
we have 
u =e+yX + Gat A 5 (XY +o 
and thence 
= oe S ya y? X8yY 
th = $a + YX + fy K+ oy (MY +s 


if for a moment X, is written for [x dæ. And hence, from the relation obtained 


above, we have the required vat 


edit hy + peg ot f+ ays Bays 
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This of course gives the series of identities 


2 
ree Nae: 


4 TPE J 
1.2.3 (*") =7,3 4 (2, 


6 Vee 2 H 1 2\/ 
1.39.4 *) = 19.97% a + {3} 


2 
2 


or say 


ae eRe 
(ZY = 9X (XY, 
(IY = 4X (EY + (XYP, 


all of which may be easily verified. 


7. I multiply each side of the identity by æ, and write 


2 
U,=«.X, n= aT 
De ay Vee Cty 
2= aT 5 lA’), Ses OTT AA 
U RP PETE e f my) TREAUN E 5 
ak RE A)r abel OS ACY hanes 
U. es (EYE Va Gh se A 
MATE g S Oa E E T Bee 


We thus obtain two sets of functions U and V, satisfying the before-mentioned equation. 


We have 
(Va+y Vs +4 Vi +...) =(U,+ yU + 4U; +...); 


and it will be observed that we have, moreover, the relations 
U, =4a (Vy, Us=fa(aV,y, U= pae (a Vy 


8. In particular, if 


g. 
Er l-r’ 
then the general term 

in X is a, the first term occurring when r= 8, 
in X? is (r—3) 2’, $ » r=4, 
: EITE BY eee eee of 
in x is 1.2 ; y 4 r= 5, 

p AS 3.r—4.7r 5 rh Seon 
ın S 1 ae , ” ” eS 

GC. XIT. 13 
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from which it appears that, for this value of X, U, U, U, U, &c, have the 
before-mentioned values (No. 2), and further that V., V} V, V, &c, have also the 
before-mentioned values (No, 3). 


9. We do not absolutely require, but it is interesting to obtain, the finite 
expressions of these functions. We have 


(Q-a) U,=42%(1), 

(l—a) U,=# (2-2), 

(l—a) U, =a (5 — 40 +22), 

(l-ay U,= æ (14— 140-4 62° — g’), 

(1—2) U, =æ (42 — 48x + 272° — 82° + a4), 

(1 — s)! U, = æ (132 — 165x + 1102? — 440 + 102+ — 2°) ; 


(l—a) V,=a' (1), 

(1 — a} V=% (4—2z2), 

(1— a} V= (14— 12s + 82°), 

(1—2) V; =% (48 — 54w + 24a? — 42°), 

(1 — æ)! V; = a” (165 — 220x + 13242 — 402° + 54°), 


and here the factors in ( ) satisfy the series of relations 
Po 
4—22=2(2-2), 
14 — 12x + 3a? = 2 . 1 (5 — 4w + a) +(2-2), 
48 — 54w + 24a? — 4a =2.1 (14 — 14a + 6a? — 2) + 2 (2 — x) (5 = 40+ 2%), 
corresponding to 
V,= U3, V,=20,0,, &., 
given by the before-mentioned equation (No. 7), between the functions V and JU. 


10. It is to be shown that, taking U,, U2, U;,... for the functions which belong 
to the partitions of the r-gon (assumed to be unknown functions of r and the 
suffixes), and connecting them with a set of functions Va, V;, V.a, .... by the 
relations 


U,=ta(a*V,), U,=fa(c V) U,=te(a*V,y, &e., 
then we have the foregoing identical equation 


(Vet Vay + Viyr+...)=(U, + Uoy+ Uy? + Uy +...) 
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This implies the relations 

V, = U3, 

V, = 2U,U,, 

V,=2U,U, + UY, 

V, = 2U,U, + 2U,U;, 

&e. 


Thus, if U, is known, the equation 
R ti 
determines V,, and then the equation 
U, =a (a V,y 


determines U,, so that U,, U, are known; and we thence in the same way find 
successively U, and V,, U, and V,, and so on; that is, assuming only that U, has 
the before-mentioned value, 

U,=8 + a+ a+ ...4 0° 4+..., 
it follows that all the remaining functions U and V must have their before-mentioned 


values. But the function 
U, = 08+ 0+ a45+..., 


where each coefficient is =1, is evidently the proper expression for the generating 
function of the number of partitions of the r-gon into a single part; and we thus 
arrive at the proof that the remaining functions U, which are the generating functions 
for the number of partitions of the r-gon into 2, 3, 4,...,%, parts, have their before- 
mentioned values. 


11. Considering, then, the partition problem from the point of view just referred 


to, I write A,, B,, C,,... for the number of partitions of an r-gon into 1 part, 
2 parts, 3 parts, &c., and form therewith the generating functions 
U, = Aza? + A,at + Pert: we, A ae Sapa 
U,= Byatt + eee + Bpa AEN 
U,= CO, + atk Opah ob vais 
and also the functions 
9 
FaR pi A RE ae 
4 r 
4 4 
yV; = 5 ov +... + Cart? + ..., 


where observe that the functions U, V are such that 
U,= $a (a a)» U; = ta (a Vy, U,= g7 (a Vy, &e. 


To fix the ideas, consider an r-gon which is to be divided into six parts. 
Choosing any particular summit, and from this summit drawing a diagonal successively 


13—2 
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to each of the non-adjacent r—3 summits, we divide the r-gon into two parts in 
r— 3 different ways; viz. the two parts are 


a 38-gon and (r—1)-gon, 
4-gon and (r— 2)-gon, 


(r—1)-gon and 3-gon ; 
say any one of these ways is 


an a-gon and B-gon, a+fP=r+2. 
Next, writing 
a+b=6, 
that is, 
a, b=1, 


we divide in every possible way the a-gon into æ parts, and the 8-gon into b parts 
(so dividing the r-gon into six parts) Observing that A, B, C, D, E, F are the 
letters belonging to the numbers 1, 2, 3, 4, 5, 6, respectively, the number of parts 
which we thus obtain (corresponding to the different values of a, b) are 


AE, + BDz + Ca Cg + D. Bg + E, âp, 


and summing for the different values of a, B (a+@=r+2), the whole number of 
parts is 


= coeff. æ+? in (U U, + UaU, + UU; + U,U,+ U.U), 
that is, 
= coeff. ats in (2U,U,;+ 2U,U,+ U. 


12. To obtain the whole number of the partitions of the r-gon into six parts, 
we must perform the foregoing process successively with each summit of the r-gon 
as the summit from which is drawn the diagonal which divides the r-gon into two 
parts; that is, the number found as above is to be multiplied by r. We thus 
obtain all the partitions repeated a certain number of times, viz. each partition into 
six parts is a partition by means of five diagonals, and is thus obtainable by the 
foregoing process, taking any one of the ten extremities of these diagonals as the 
point from which is drawn the diagonal which divides the r-gon into two parts; 
‘that is, we have to divide the foregoing product by 10. The final result thus is 


= F, = coeff. a+ in (2U,U, + 2U,U, + U9), 
where 
10 ‘ Ja 
7 i is = coeff. z+? in V,; 


we thus have 
V= 2U Us +2U,U,+ Ug 
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13. The reasoning is perfectly general; and applying it successively to the 
partitions into two parts, three parts, &c., we have 


Y= OS 

VL = SUU, 
¥,=20;0, + Us 
V;= 20,0, + 20,0;, 


where any function V is related to the corresponding function U as above. The 
value of U, is obviously 


Q,=08+ e+ e+...= = ‘ 
l- 


and hence the several functions U and V have the values above written down; the 
general term of Uj; is 
[r+ k- 2) [rs] 
[k= [k — 1] ine 


and the number of partitions of the r-gon into ķ% parts is equal to the coefficient 
of # in this general term. 


14. In the investigations which next follow, I consider, without using the method 
of generating functions, the problem of the partition of the r-gon into 2, 3, 4 or 5 
parts; it will be convenient to state the results as follows: 


Number of Partitions. 


2 parts, 5 A, 

3 parts, — 2A 
parts, 7 

4 parts, 568A +2B), 


5 parts, 5 (44 +8B+ 20); 


where the capital letters refer to different “diagonal-types,” thus: 


2 parts, 3 parts, 4 parts, 
or 1 diagonal: |or 2 diagonals:) or 3 diagonals: 5 parts, or 4 diagonals: 
A 


A A B A B 

a EE 
aA a E 
viz. if, in a polygon divided into & parts by means of k—1 diagonals, we delete 
all the sides of the polygon, leaving only the diagonals, then these will present them- 


selves under distinct forms, which are what I call “diagonal-types”; for instance, when 
k=4, 
there are the two types A and B shown in the above diagram for four parts. 
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15. It is to be observed that we have sub-types corresponding to the coalescence 
of the terminal points of different diagonals; thus, suppose 
k=4. 
Writing now A° and B° to denote the forms without coalescences, we have the sub- 
types A°, A’, A” and B’, B’, B B”, as follows: 
4 parts, or 3 diagonals: 


o 


A A’ A” Be B’ B” B” 
EEP aN iee a a a a A. yA 
where observe that under A” are included two distinct forms, which, nevertheless, by 


reason that there is in each of them the same number (=2) of coalescences, are 
reckoned as belonging to the same sub-type. 


16. The numbers called A, B, ©, &c, have values which may be directly 
determined. I write down as follows: 
r—3 
m: 


1 diagonal, A= 


2 diagonals, ofS i fo S rss fA es); 


where the calculation is 
r-2.r—-l=r-—3r4+2 


—6 —6 
7? —3r— 4 
=r—4.r4+1. 
; r—3.r—-2.r—1.r.r4+1 r—3.r—2.r—l1 r-3 r—3 
3 diagonals, e a(S i J- 
r—3.r—2.r—l.r.rtl r—-3.r—2.r-—1 r—3 
Sy AO ge eee ty 
aS ATS ea Te +2); 


where the calculation is 
r—-2.r—-l.r.rtl=r-2r- r+ 2r 
—40.r-—2.r—1 — 40r? + 120r — 80 
+120 +120 
rt — 2r? — 41r? + 122r + 40 
=r—4.r—5.74+7r42. 


it Br Rh or = 8 ot 2 Reed 


B 120 


r—3.r—4.r—5 
uaaa T gaaei (r—1.r—2). 
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4 diagonals Aart Teeter 1 VOE EO tor +3 


5040 
r—-3.r—2.r—l1.r.r+l r—3.r—2.r—1 r—3 
= 120 a baa Aari 
r—3.r—4.r—5.r—6 
Ran Te tee ee 


where the calculation is 


r—=2.r—=l.r.r+1l.r+2.r+3=r; +3 — Srt— 15r? + 47274 12r 


—126.r—2.r—1l.r.r4l — 12674 + 252r + 126r?— 252r 
+ 2520.7r—-2.r—1 + 25207? — 7560r + 5040 
— 5040 — 5040 


7 + 87° — 1317 + 2377? + 26507? — 7800r 
=r—4.r—5.r—6.74+187°+4+ 65r. 
Also 
ip lor a Butera bt. r Ror Pomel Perede ae a Dipi F 
a 5040 120 


ore ie tr EN 


5040 
PW aal Ss tier talige A e Deas teed, Sa 
ia 5040 
r—3.r—4.r—5.r—6 
aa o T Gime gor TT 


where the calculation is 
: r.r+l =r4+r 


— 42 —42- 
r+r— 42 
=r—-6.r+7, 


17. To explain the formation of these expressions, observe that: 


One diagonal—There must be on each side of the diagonal, or. say in each of 
the two “intervals” formed by the diagonal, two sides; there remain r— 4 sides 
which may be distributed at pleasure between the two intervals, and the number of 
ways in which this can be done is 
r—3 

it: 


Two diagonals——There must be on each side of the two diagonals, or say in 
two of the four intervals formed by the diagonals, two sides; there remain r— 4 
sides to be distributed between the same four’ intervals, and the number of ways in 
which this can be done is 
MESTE RS E 
AET EAT : 
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But we must exclude the distributions where there is no side in the one interval 
and no side in the other interval between the two diagonals; the number of these 
is that for the case of the coalescence of the two diagonals into a single diagonal, 
viz. it is 


and thus the number required is 
r—3.r—2.r—1 r-3 


6 1 
18. Three diagonals, A.—There must be on each side of the three diagonals, 
that is, in two of the six intervals formed by the diagonals, two sides; there remain 
r—4 sides to be distributed between the same six intervals, and the number of ways 
in which this can be done is 
Pes. fo 2 el eee 
F 120 ; 


But we must exclude distributions which would permit the coalescence of the first 
and second, or of the second and third, or of all three of the diagonals. For the 
coalescence of the first and second diagonals (the third diagonal not coalescing), the 
term to be subtracted is 

r—-3.r—2.r—-l1 r-3. 

Ba a e 


and the same number for the coalescence of the second and third diagonals (the 
first diagonal not coalescing); that is, the last-mentioned number is to be multiplied 
by 2; and for the coalescence of all three diagonals the number to be subtracted is 
r=3. 

1 > 


we have thus the foregoing value 
r- 3. r= 2." — lt eed r—3.r—2.r-—1 r—3 
120 s 6 oe 
where it will be observed that we have the binomial coefficients 1, 2, 1 with the 
signs +, —, +. 


Three diagonals, B.—There must be outside each of the three diagonals, that is, 
in three of the six intervals formed by the diagonals, two sides; and there remain 
r—6 sides to be distributed between the six intervals; the number of ways in which 
this can be done is 

arehant Eata na 


120 i 


and there is here no coalescence of diagonals, so that this is the number required. 


19. Four diagonals, A.—There must be on each side of the four diagonals, that 
is, in two of the eight intervals formed by the diagonals, two sides; there remain 
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r—4 sides to be distributed between the eight intervals, and the number of ways 
in which this can be done is 


r—3.r—2.r—1l.r.r+1.7r4+2.r+38 
5040 ‘ 


But this number requires to be corrected for coalescences, as in the case Three 
diagonals, A; and the required number is thus found to be 


r—3.r—2.r—1.r.r4+1.r4+2.7r4+38 3% 8.r—2.r-lrrtl 
5040 ec, 120 


r—3.r—2.r—1 r—3 
Four diagonals, B—There must be outside of three of the diagonals, that is, in 
each of three of the eight intervals formed by the diagonals, two sides; there remain 
r—6 sides to be distributed between the eight intervals, and the number of ways 
in which this can be done is 


r—b.7r—-4.7r-3.r—Mrel cr hl 
5040 j 


There is a correction for the coalescence of two of the diagonals, giving rise to a 
form such as Three diagonals, B; and consequently there is a term 


pubar irn aaea 
120 i 


which, with the first-mentioned term, gives the required number. 


Four diagonals, C.—There must be outside of each of the diagonals, that is, in 
each of four of the eight intervals formed by the diagonals, two sides; there remain 
r—8 sides to be distributed between the eight intervals, and the number of ways in 
which this can be done is 


r—T.r—6.r—5.r—4.r—3.7r—-2.r—1 
5040 i 


which is the required number. 


20. In the expressions of No. 14, A, 2A, 3A + 2B, 44A +8B +20, if we regard 
the terminals of the diagonals as given points, then (1) we have two summits, 
which can be joined in one way only, giving rise to the diagonal-type A; (2) we 
have four summits, which can be joined in two ways only, so as to give rise to the 
diagonal-type A; (8) we have six summits, which can be joined in three ways so 
as to give rise to a diagonal-type A, and in two ways so as to give rise to a 
diagonal-type B; and. (4) we have eight summits, which can be joined in four ways 
so as to give rise to a diagonal-type A, in eight ways so as to give rise to a 
diagonal-type B, and in two ways so as to give rise to a diagonal-type C; we have 
thus the linear forms in question. To obtain the number of partitions, we have in 
each case to multiply by r. To explain this, after the polygon is drawn, imagine 

C. SII. 14 
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the summits to be numbered 1, 2, 3,..., 7 im succession (the numbering may begin 
at any one of the r summits); regarding each of these numberings as giving a 
different partition, we should have the factor r. But, in fact, the partitions so 
obtained are not all of them distinct, but we have in each case a system of 
partitions repeated as many times as there are summits of the diagonals, that is, a 
number of times equal to twice the number of the diagonals; and we have thus, 
after the multiplication by r, to divide by the numbers 2, 4, 6, 8, in the four cases 
respectively. 


21. We hence have immediately :— 


Two parts, the number of partitions 


Las 
=54= 


Three parts, the number of partitions 4 


Four parts, the number of partitions 


r+2.r+1l.r.r—-38.r—4.r—5 
4.3 2:32:35 i 


=| (84 +2B)= 

the calculation being 
3(°+7r+2)= 3+ 2Ir+ 6 
+2.r—l.r—-2 +4+2r°-— r+ 4 


5r? + 15r + 10 
= 5.r+1.r+2; 
Five parts, the number of partitions 


ti rtrt ttl rr Ag rean rh 
E an ONE? 5.4,8.2.4,.8.2.1 


the calculation being 
4 (r° + 18r? + 65r) = 49° + 72r? + 260r 
+8.r—l.r—2.r+7 + 8 + 32r — 152r + 112 
+2.r—l.r—-2.r—7 + 2 —20°+ 46r— 28 


147° + 8477 + 154r + 84 
14 (r? + 677+ llr + 6) 
= 14.r+1.r4+2.7r4+3. 


To complete the theory, it would be in the first instance necessary to find for 
any given number of diagonals, ķ%— 1, whatever, the number and form of the 
diagonal-types, A, B, C, &c.; this is itself an interesting question in the Theory of 
Partitions, but I have not considered it. 
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22. Although the foregoing process (which, it will be observed, deals with the 
diagonal-types, without any consideration of the sub-types) is the most simple for the 
determination of the numbers A, B, C, &c., yet it is interesting to give a second 
process. Considering the several cases in order: 


One diagonal, A.—The diagonal has two summits; we must have on each side 
of it one summit, and there remain r—4 summits which may be distributed between 


the two intervals formed by the diagonals. This can be done in nae ways, or we 


have, as before, 


r—3 

rt 

Two diagonals, A.—The diagonals have four summits; we must have outside each 

diagonal one summit, and there remain r—6 summits to be distributed between the 
r—5.r—4.r—38 
Seeds WAY 
or we have this value for A°. But the two top summits of the diagonals, or the 
two bottom summits, may coalesce; in either case, the diagonals have three summits. 
We must have outside each diagonal one summit, and there remain r—5 summits 
to be distributed between the three intervals formed by the diagonals; the number 
of ways in which this can be done is 
_r=-4.r—8 
An capt 
say this is the value of A’. And we then have A =A°+24A’, 


_r+l.r—3.r—4 
OTET TEREA 


A= 


four intervals formed by the diagonals; this can be done in 


as before. The calculation is 
r—54+6=r+1. 


23. Three diagonals, A.—See No. 15 for the figures of the sub-types. We have 
A =A°+4A’+4A”, 


where the coefficients, 4 and 4, are the number of ways in which A’ and A” 
respectively can be derived from A° by coalescences of summits. For A’, the 
diagonals have six summits, and there must be outside of two diagonals one 
summit; there remain r—8 summits to be distributed between the six intervals 
formed by the diagonals, and we have 

of ft rbr- tes or — 3 


a 120 


For A’, the diagonals have five summits, and we must have outside of each of two 
diagonals, one summit; there remain r— 7 summits to be distributed between the 
five intervals formed by the diagonals; we thus have 
4, r—-6.r—5.r—4.7r—-3 
A — 1 oe Ba Sein Ue 


14—2 
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For A”, the diagonals have four summits; there must be outside of each of two 
diagonals one summit, and there remain r—6 summits to be distributed between 
the four intervals formed by the diagonals; we thus have 


Arata era: rg 
The foregoing values give 
Z6 (04.77 +2), 
as before. The calculation is 
r-6.r—-7=r-18r+ 42 
+20.r—6 + 20r — 120 
+ 80 + 80 


m+ Ir+ 2. 
Three diagonals, B.—See No. 15 for the figures of the sub-types. We have 
B= B° + 3B’ + 3B" + B”. 


For B°, the diagonals have six summits, and there must be outside each of the 
three diagonals one summit; there remain r—9 summits to be distributed between 
the six intervals formed by the diagonals. We thus have 
_r—8.r—T.r—6.r—5.7r—4 


B 


120 
Similarly, 
, r—T.r—6.r—5.r—4 „ r—6.r—5.r—4 ite e ae. 
EEE a EE ae a a ee 
Hence 
garot tri rear AE 


120 i 

as before. The calculation is 
r—6.r—7T.r — 8 = r — 21r? + 146r — 336 
+15.r-—6.r—7 + 157? — 195r + 630 


+ 60.r—6 + 60r — 360 
+ 60 + 60 
p= 6°+ llr-— 6 


=r —l.r—-2.r—3. 


24. Four diagonals, A.—The figures of the sub-types of A, B, C can be supplied 
without difficulty. We have 


A=A° +6A’+12A"+8A”, 
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where I remark that the numerical coefficients 1, 6, 12, 8 are the terms of (1, 2)% 
We have 


A _r—9.r—8.r—7.r—6.r—5.r—4.r—3 


5040 ; 
pi r—8.r—7.r—6.r—5.r—4.r—3 
bi 720 ; 
rae r—T.r—6.r—5.r—4.r—8 
nah 120 , 
TE. r—6.r—5.r—4.r—-8 
CEN a Wie 
and thence 
A jp Ee SEE ek Chess 


5040 
as before. The calculation is 
r—9.r—8.r— T =r — 247°+19Ir— 504 
+42.r—8.r—7 + 42r? — 630r + 2352 
+504.r—7 + 504r — 3528 
+ 1680 + 1680 


r+ 18° + 65r 
Four diagonals, B—We have 
B=B°+5B'+9B" +B” + 2B", 
where the coefficients, 1, 5, 9, 7, 2, are the terms of (1, 1)°(1, 2). We have 


B dr 10. -9.7 8. 2—1et 6 tbr 4 


5040 , 

pis r—9.r—-8.r—T.r—6.r—5.r—4 

7 Wa: ae eee. 

pi = r—8.7=—7.7—6.7r—5.7r—4 

120 ? 

ne r—T.r—6.r—5.r—4 

ae a CAPRA 

i r—6.r—5.r—4 

; “sah 6 ? 

and thence 

B fr Darr hE Am hig 
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as before. The calculation is 
r—1l0.r—9.r—8.r—-7 = r — 347 + 43172? — 2414r + 5040 
+35.r—9.r—8.r—7 + 357° — 8407? + 6685r — 17640 


+ 378.7—8.7r—7 + 37872 — 5670r + 21168 
+1470.r—7 + 1470r — 10290 

+ 1680 + 1680 

e+ f— 1 a E Tr 42 


=r —3.r—2.r—1.r+7. 
Four diagonals, C—We have l 
C=C° +40 +60” + 40 + 10%, 
where the coefficients are the terms of (1, 1) We have 


ce fll. 10.78 fan ee ee 


5040 i 
OE r—10.r—9.r—-8.r—T.r—6.r—5 
a 720 : 
(i = r—9.r—8.r—7T.r—6.r—5 
iM 120 ; 
mw r—8.r—T.r—6.r—5 
C ert mate a TWIN) Yl i 
—7.r—6.r—5 
Civ = ie 
6 > 
and thence 
Oi wt ans Se ee E ; 
A 5040 i 


I omit the calculation, as the equation is at once seen to be a particular case of 
a known factorial formula. 


25. We may analyse the partitions of an r-gon into a given number of parts, 
according to the nature of the parts, that is, the numbers of the sides of the 
several component polygons, It is for this purpose convenient to introduce the 
notion of “weight”; say a triangle has the weight 1, then a quadrangle, as divisible 
into two triangles, has the weight 2, a pentagon, as divisible into three triangles, 
has the weight 3,..., and generally an r-gon, as divisible into r—2 triangles, has 
the weight r—2. It at once follows that, if 


W=w+w’, or =w+w +w", &, 


then a polygon of weight W is divisible into two polygons of the weights w, w’, 
or into three polygons of the weights w, w, w” respectively; and so on. Thus the 
2-partitions of an 8-gon (weight = 6) are 15, 24, and 33; the 3-partitions are 114, 
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123, 222, and so on. Of course the number of the partitions 15, 24, 33, is equal 
to the whole number of the 2-partitions of the 8-gon, that is, =20; the number of 
the. partitions 114, 123, 222, is equal to the whole number of the 3-partitions of 
the 8-gon, that is, it is =120; and so in other cases. It is easy to derive in 
order one from the other the numbers of the partitions of each several kind of the 
polygons of the several weights 2, 3, 4, 5, 6, &c.; and I write down the accompanying 
Table (No. 26), facing page 112, the process for the construction being as follows: 


27. The first column (2 parts) is at once obtained. For a polygon of an odd 
number of sides, for instance the 9-gon (weight = 7), imagining the summits numbered 
in order 1, 2, ..., 9, we divide this into a triangle and octagon, or obtain the 
partitions 16, by drawing the diagonals 13, 24,..., 81, 92: viz. the number is = 9. 
In the Table this is written, 16=9; and so in other cases, Similarly we divide it 
into a quadrangle and heptagon, or obtain the partitions 25, by drawing the diagonals 
14, 25, ..., 82, 93: viz. the number is again =9; and we divide it into a pentagon 
and a hexagon, or obtain the partitions 34, by drawing the diagonals 15, 26, ..., 83, 94: 


viz. the number is = 9, and here 
9+9+9= 27, 


the whole number of 2-partitions of the 9-gon. For a polygon of an even number 
of sides, for instance the 10-gon (weight = 8), the process is a similar one, the only 
difference being that for the division into two hexagons, (that is, for the partitions 
44), each partition is thus obtained twice, or the number of such partitions is 
410, =5; the numbers for the partitions 17, 26, 35, 44, thus are 10, 10, 10, 5; and 
we have 

10+10+10+5=35, 


the whole number of the 2-partitions of the 10-gon. 


28. To obtain the second column (3 parts)—suppose, for instance, the 3-partitions 
of the 9-gon; these are 115, 124, 133, 228. We obtain the number of the partitions 
115 from the terms 

16=9 and 25=9 

of the first column: viz. in 16, changing the 6 into 15, that is, dividing the polygon 
of weight 6 into two parts of weights 1 and 5 respectively: this can be done in 
eight ways (see, higher up, 15=8 in the first column); and we.thus obtain the 
number of partitions 

9x8=72; 
and again, in 25, changing the 2 into 11, that is, dividing the polygon of weight 
2 into two parts each of weight 1: this can be done in two ways (see, higher up, 
11=2 in the first column); and we thus obtain the number of partitions 

9x2=18; 
we should thus have, for the number of partitions 115, the sum 

72+ 18 = 90, 


only, as it is easy to see, each partition is obtained twice, and the number of the 


www.rcin.org.pl 


112 ON THE PARTITIONS OF A POLYGON. [915 


partitions 115 is the half of this, =45. And by the like process it is found that 
the numbers of the partitions 124, 133, 223 are equal to 90, 45, 45 respectively; 
and then, as a verification, we have 


45 +90 +45 +45 = 225, 
the whole number of the 3-partitions of the 9-gon. 


29. The third column (4 parts) is derived in like manner from the second 
column by aid of the first column; and so in general, each column is derived in 
like manner from the column which immediately precedes it, by aid of the first 
column. And we have for the numbers in each compartment of any column the 
verification that the sum of these numbers is equal to the whole number (for the 
proper values of k and r) of the k-partitions of the r-gon. 


It might be possible, by an application of the method of generating functions, 
to find a law for the numbers in any compartment of a column of the table; but 
I have not attempted to make this investigation. 


30. In the table in No. 2, the numbers 1, 2, 5, 14, 42, &c., of the diagonal 
line show the number of partitions of the triangle, the quadrangle, the 5-gon, ..., r-gon 
into triangles: viz. these numbers show the number of partitions of the r-gon into 
r— 2 parts, that is, into triangles; and, for the r-gon, writing 


k=r—-2, 
the number is 
. Rr=4p 
~ [r—2}* 
If, as above, taking the weight of the triangle to be 1, we write 
r—2=w, 
then the number is 
yok 
T ope’ 


viz. this is the expression for the number of partitions of the polygon of weight w, 
or (w+ 2)-gon, into triangles. 


31. The question considered by Taylor and Rowe, in the paper referred to in 
No. 1, is that of the partition of the r-gon into p-gons, for p, a given number >38; 
this implies a restriction on the form of r, viz. we must have r—2 divisible by 
p—2. In fact, generalizing the definition of w, if we attribute to a p-gon the 
weight 1, and accordingly to a polygon divisible into w p-gons the weight w, then, 
r being the number of summits, we must have 


r=(p —2)w+2. 


In particular, if p=4, so that the r-gon is to be divided into quadrangles, then r is 
necessarily even, and for the values 

wwe 28, wa, 
we have 

Pah, 6, 8 peeks 
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32. To fix the ideas, I assume p=4, and thus consider the problem of the division 

of the (2w+2)-gon into quadrangles. Writing 
w—l=a+b+e, 
we take at pleasure any one side of the (2w+2)-gon, making this the first side of 
a quadrangle, the second, third, and fourth sides being diagonals of the polygon such 
that outside the second side we have a polygon of weight a, outside the third side 
a polygon of weight b, and outside the fourth side a polygon of weight c. Any one 
or more of the numbers a, b, c may be =0; they cannot be each of them =0 
except in the case w=1. The meaning is that the corresponding side of the 
quadrangle, instead of being a diagonal, is a side of the (2w+2)-gon, viz. there is 
no polygon outside such side. Suppose, in general, that P, is the number of ways 
in which a polygon of weight w can be divided in quadrangles, and let each of the 
polygons of weights a, b, c respectively, be divided into quadrangles: the number of 
ways in which this can be done is P,P,P,; and it is to be noticed that, if for 
instance a=0, then the number is =P,P,, viz. the formula remains true if only we 
assume P,=1. The number of partitions thus obtained is =P,P,P., where the 
summation extends to all the partitions of w—1 into the parts a, b, c (zeros 
admissible and the order of the parts being attended to). And we thus obtain all 
the partitions of the (2w+2)-gon into w parts; for first, the partitions so obtained 
are all distinct from each other, and next every partition of the (2w + 2)-gon into w 
parts is a partition in which the selected side of the (2w+2)-gon is a side of 
some one of the quadrangles. That is, we have 
Py=2P,P;P,. (a, b, c as above); 
and it hence appears that, considering the generating function 
fH1t Pict Pow t+ Pit.. 


fH1+ af? 

The reasoning is precisely the same if, instead of a division into quadrangles, we 
have a. division into p-gons; the only difference is that instead of the three parts 
a, b, c, we have the p—1 parts a, b, c,..., and the equation for f thus is 


f=1+afF- 
faut af? , 
and expanding by Lagrange’s theorem, we have 


we have 


33. Writing for a moment 


à a? i a” W(p—l) Y... (w—1) 
feutyurr)ty5 wr”) teehee AM pa ) ines + sacs 


viz. after the differentiation, writing w=1, we have 
A Kp yupe 
i gE. 
where it will be recollected that, for the number of sides of the polygon, we have 
' r=(p—2)w+2, 
In the case of the partition into triangles, p=3, and we have the before-mentioned 


value 
. [2w [w 7, w=r-2 


O” XE 15 
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